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ABSTRACT 
The basic equations describing a Newtonian universe with uniform pressure are re
examined. We argue that in the semi-classical formulation adopted in the literature 
the continuity equation has a misleading pressure gradient term. When this term is 
removed, the resulting equations give the same homogeneous background solutions 
with pressure and the same long-wavelength growing mode solution for the density 
contrast as are obtained using the full relativistic approach. 
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1 INTRODUCTION 

17 years after Einstein's seminal paper on relativistic cos
mology, Milne (1934) and Milne & McCrea (1934) obtained 
Newtonian analogues to the expanding dust-filled Fried
mann-Robertson-Walker (FRW) models of the Universe, 
thereby initiating the so-called Newtonian cosmology. 
Apart from some conceptual ambiguities present in these 
pressureless models, there is no doubt that such analogues 
are relevant from both a pedagogical and a methodological 
point of view, since they describe, in a rather simple way, 
several features of the presently observed Universe. A 
natural generalization of these models should include pres
sure effects, as an attempt to construct analogues to the full 
class of FRW models. Unfortunately, such an extension 
cannot be analytically implemented, at least when the 
approach is based uniquely on Newtonian concepts 
(absolute time, Euclidean space and ordinary gravity). The 
basic difficulty arises because a uniform pressure, in the 
Newtonian· framework, does not play any dynamical or 
gravitational role, at the level of the continuity, Euler and 
Poisson equations. A 'neo-Newtonian' description, how
ever, has been derived long ago by McCrea (1951) himself, 
and in a more definite form (without any concepts from 
general relativity), by Harrison (1965). The later approach 
is based on the following set of equations: 

'continuity' equation: 

~ + vr.[(p + :2)U ]=0; 
'Euler' equation: 

au ( p)-! -+u·VU=-V,I,- p+- Vp' at r r'l' c2" , 
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(1) 

(2) 

'Poisson' equation: 

(3) 

where c is the velocity of light and the quantities p,p, u and 
'" denote, respectively, the density, pressure, field velocity 
and generalized gravitational potential of the cosmic fluid.! 
As discussed in detail by Harrison (1965), all corrections of 
order c -2 are based uniquely on arguments coming from 
special relativity. The price to pay is that the standard 
Eulerian equations are recovered only in the limit c -+ 00. 

However, the main pedagogical aspect contained in the 
original ~quations for a dust-filled universe has been pre
served, namely that all the fundamental Newtonian notions 
like absolute time, Euclidean space and gravity are also part 
of the enlarged theoretical context represented by the above 
modified equations. 

2 A NEW 'CONTINUITY' EQUATION 

As is widely known, the above set of equations admits a 
homogeneous and. isotropic solution, i.e. p=p(t) and 
p=p(t). In this case, the fluid velocity is (a dot means 
partial time derivative) 

a 
u=-r, 

a 
(4) 

lAs discussed in detail by Harrison (1965), the pressure term in (3) 
originates as a boundary stress term in the virial theorem, and 
hence affects both the Newtonian gravitational force and the 
Newtonian potential. 
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where the evolution of the scale factor a (t) is governed by 
the Friedmann equations, namely 

-=--- p+3-, Ii 41tG ( p) 
a 3 c 2 

(5) 

(6) 

with the continuity equation (1) reducing to the following 
form: 

-+3- p+- =0. op Ii( p) 
ot a c 2 

(7) 

Equations (5)-(7) are exactly the same as obtained from 
Einstein's field equations, when one adopts comoving 
coordinates to describe a homogeneous and isotropic 
space-time filled with a perfect simple fluid. Paradoxically, 
if one studies perturbation theory in the framework of equa
tions (1)-(3), the evolution equation for the density con
trast does not agree with the relativistic result in a 
synchronous gauge. The expected result is obtained only for 
a dust-filled universe (p = 0). This problem was first men
tioned in a short note written in the appendix of the paper 
by Sachs & Wolfe (1967). 

The root of the problem seems to be closely related to 
equation (1). As we shall see, this equation corresponds to 
the correct conservation equation only in the homogeneous 
case. If inhomogeneities are taken into account, as for 
instance in the theory of small fluctuations, the pressure 
gradient appearing in equation (1) generates extra terms, 
leading to results which disagree with those resulting from 
the relativistic theory. To clarify this point, let us consider 
the energy conservation equation in the form de + p dV = O. 
The energy contained in a volume Vwith radius r""a(t) is 
E '" pc 2 a 3, and since the volume is changing we obtain 

dp ( p) 1 d 3 -+ p+- - -a =0. 
dt c 2 a3 dt 

Using equation (4) we have Vr ·u=3tila, and then it fol
lows that 

-+ p+- V ·u=O. dp ( p) 
dt c2 r 

Finally, by expanding the total derivative, 

d 0 
-=-+U·V 
dt ot " 

the above equation may be rewritten as 

op p 
-+ V .(pu) +- V ·u=O. ot r c2 r 

(8) 

This is the correct continuity equation in the modified 
Newtonian approach to cosmology when pressure effects 
are included. It looks like a balance equation for the matter 
density. The source term (the last term in equation 8) is 

related to the work dW=pdVneeded to expand the fluid 
from the volume V to V + dV. In fact 

1 dW 41tQ 2 da Ii 
- -=p 3-p=pVr'u, 
V dt ~ 1tQ 3 dt a 

where we used equation (4) in the last equality. This term 
has to be added to the usual equation of fluid dynamics to 
account for the work related to the local expansion of the 
fluid. It is worth noting that in the limit of uniform pressure, 
p =p (t), equation (8) can always be rewritten in a form 
resembling equation (1), the form usually adopted in the 
literature: see e.g. Coles & Lucchin (1995). [Note that 
McCrea (1951) originally wrote down the equation in the 
form of (8).] However, although formally reducing to the 
same conservation equation for a homogeneous distribu
tion, the perturbed equations that follow from each case are 
quite different. As we shall see, unlike equation (1), the new 
'continuity' equation (8) is completely consistent with rela
tivistic perturbation theory. In particular, this solves the 
contradiction pointed out by Sachs & Wolfe. 

3 PERTURBATION THEORY 

To study the evolution of small fluctuations in an expanding 
Newtonian universe, let us now consider the standard per
turbation Ansatz (in this section we take c=I): 

p = Po (t)[1 + 15 (r, t)], (9) 

p =Po(t) + bp (r, t), 

\}'=\}'o(r, t) + cp(r, t), 

u=uo+v(r, t), 

(10) 

(11) 

(12) 

where the quantities carrying the subscript '0' represent the 
(background) homogeneous solution to the unperturbed 
equations (2), (3) and (8). The quantities 15, bp, cp and v are 
to be considered small (perturbations) when compared with 
their respective background quantities. It should be recalled 
that in terms of the comoving coordinates q we have 
r(t) =a (t)q and uo=1i (t)q. 

Inserting the above expressions into equations (2), (3) 
and (8), and linearizing the resulting equations, we obtain, 
to first order in the perturbations, 

(14) 

(15) 

We now change to comoving coordinates q =rla. Follow
ing standard lines (see e.g. Peebles 1993), we transform the 
partial time derivative of an arbitrary functionf at fixed r, bfl 
&, to the .partial time derivative off at a fixed q, which we 
write as f. The relation betweeen these two partial time 
derivatives is 

of . Ii 
-=f--q·VJ, 
ot a 

(16) 
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where V =aVr is the gradient with respect to q at fixed 
time. 

For the sake of simplicity, let us also assume that the 
medium satisfies the equation of state p = vp, where v is a 
constant. For adiabatic perturbations, this means that 
(jp=v~(jp=v~Po(j, where v;=v is the sound velocity. With 
this choice and using equation (16), equations (13)-(15) 
reduce to 

. l+v 
(j +-- V"v=O, 

a 

. a 1 v; 
v + - v = - - V cp - V (j, 

a a (1 +v)a 

V2cp=41tG (1 +3v)poa2(j. 

(17) 

(18) 

(19) 

Finally, by eliminating the peculiar velocity from equations 
(17) and (18), and using (19), it is readily seen that 

• 2 

J +2 ~ ~-41tGPo(1 +v)(1 +3v)(j=~ V2(j. 
a a 2 

(20) 

This is the differential equation governing the evolution of 
the density contrast, when we describe a mass distribution 
with uniform pressure using the modified Newtonian equa
tions. In particular, on scales larger than the Jeans length, 
when the Laplacian term on the right-hand side may be 
neglected, equation (20) is identical (for any value of the 
parameter v) to equation (10.118) in Peebles' (1993) book, 
an equation resulting from the full general relativistic treat-

. ment describing the evolution of long-wavelength perturba
tions in a gauge that is both synchronous and comoving (for 
a gauge-invariant treatment see Mukhanov, Feldman & 
Brandenberger 1992). As has been pointed out by Hwang 
(1991) and Hwang & Vishniac (1990), for v;60 it is not 
consistent (even for large wavelengths) to impose the syn
chronous and comoving gauge conditions at the same time. 
If one does this, one estimates one of the physical modes. 
However, the growing mode is not affected by this issue. 
Thus we have reached the curious conclusion that, for any 
value of v, the growing mode long-wavelength solution of 
the gravitational fluctuations in synchronous gauge can be 
obtained by a Newtonian analysis.2 

As an illustration of these results, we consider the unper
turbed solution, 

a (t)",t1l.3(I+V), 

which is obtained when the field velocity coincides with the 
escape velocity (flat model, in the relativistic terminology). 
In this case, Po "'a -3(1+.), and for scales bigger than the 
Jeans length the growing mode of (20) scales as (j + "'a 1 +3 •• 

It thus follows, from (19), that the correction to the 
Newtonian potential is time-independent, regardless of the 
value of v. As a consequence, there is no contribution to the 
temperature anisotropy of the cosmic background radiation 
due to the integrated Sachs-Wolfe effect. In fact, this effect 
is given by 

2Por a recent general discussion of the Newtonian limit of the 
relativistic perturbation equations, see Hwang & Noh (1997). 
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(jT r'. T (n)IISW= 1 d-rcp[-r, n(-ro--r)], (21) 

where n is a unit vector which specifies a given direction on 
the sky, and the integral is taken along the photon path from 
the last scattering surface to the observer (Coles & Lucchin 
1995). Since the perturbed Newtonian potential is 
time-independent for any value of v, it thus follows that (jT/ 
TI1SW=0. This generalizes the well-known result for a dust
filled universe. Note that this result (time-independent 
Newtonian gravitational potential) is in agreement with 
what we expect from a Newtonian analysis. 

For completeness, we also derive the evolution equation 
for the density contrast, using the standard 'continuity' 
equation (1). Inserting the perturbation Ansatz in equations 
(1)-(3) and following the same steps as above, we arrive at 
the following equation: 

.. a. 
(j + 2 - (j - 41tGPo(1 + v)(1 + 3v) (j 

a 

• •• 2 
a a v. 2 +- vq"Vo +- vq"V(j=- V (j. 
a a a 2 

(22) 

Comparing with equation (20), we see that (22) has two 
additional terms (the last two on the left-hand side), and 
they have no counterpart in the relativistic theory of cosmo
logical perturbations. Naturally, their ultimate origin is 
traced back to the pressure gradient term present in the 
standard 'continuity' equation. As a matter of fact, we can
not eliminate these terms by simply rewriting the perturbed 
equations in the comoving coordinate system (where the 
background velocity is zero), as recently claimed by some 
authors (Coles & Lucchin 1995). As readily seen from (22), 
such a trick works only for a dust-filled universe (v=O), 
when both 'continuity' equations reduce to the ordinary 
mass conservation law. 

4 CONCLUSIONS 

We have shown that the correct relativistic equation for the 
cosmological background and the correct growing mode 
solution for the density contrast in synchronous gauge (on 
scales larger than the Hubble radius) can be obtained from 
Newtonian cosmology even in the presence of non-vanish
ing pressure. This is achieved by a careful consideration of 
what a modified continuity equation should look like. More
over, as a by-product we get a Newtonian potential which is 
well defined independently of the equation of state of the 
fluid. In principle, these results imply that the domain of 
applicability of Newtonian cosmology may be enlarged to 
analyse some problems of structure· formation even in the 
radiation-dominated phase. 
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